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Abstract
In this paper, we study geodesics and geodesic vectors for homogeneous exponential
Finsler space and homogeneous infinite series Finsler space. Further, we find nec-
essary and sufficient condition for a non-zero vector in these homogeneous spaces
to be a geodesic vector.
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1 Introduction
According to S. S. Chern ([6]), Finsler geometry is just the Riemannian
geometry without the quadratic restriction. Finsler generalized Riemann’s
theory in his doctoral thesis ([11]), but his name was eastablished in differen-
tial geometry by Cartan ([5]). In 1972, M. Matsumoto ([25]) has introduced
the concept of (α, β)-metric in Finsler geometry. A Finsler metric of the
form F = αφ(s), s =
β
α
, where α =
√
aij(x)yiyj is induced by a Rieman-
nian metric a˜ = aijdx
i ⊗ dxj on a connected smooth n-manifold M and
β = bi(x)y
i is a 1-form on M is called an (α, β)-metric. There are various
applications of (α, β)-metrics in information geometry ([1]), physics and bi-
ology ([2]). Some notable contributions on Finsler spaces with exponential
and infinite series (α, β)-metrics can be seen in ([26], [27], [28], [29], [30]).
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Geodesic in a Finsler manifold is the generalization of notion of a straight
line in an Eucldean space. Geodesic can be viewed as a curve that minimizes
the distance between two points on the manifold. A geodesic in a homoge-
neous Finsler space (G/H,F ) is called homogeneous geodesic if it is an orbit
of a one-parameter subgroup of G. Homogeneous geodesics on homogeneous
Riemannian manifolds have been studied by many authors ([12], [18], [19],
[34]). The existence of homogeneous geodesics in homogeneous Riemannian
manifolds is quite an interesting problem. In ([15]), Kajzer prove that there
exist atleast one homogeneous geodesic in a Riemannian manifold. Further,
in ([31], [32]), Szenthe prove that there exist infinitely many homogeneous
geodesics through identity in a Riemannian manifold (G,α), where G is
compact semi-simple Lie group of rank ≥ 2. Later, in ([20]), Kowalski and
Szenthe prove the existence of atleast one homogeneous geodesic through
each point for any homogeneous Riemannian manifold. Also, Kowalski and
Vlasek ([21]) have shown that the result proved in ([20]) is not true in gen-
eral. They have given some examples of homogeneous Riemannian manifolds
of dimension ≥ 4 admitting only one homogeneous geodesic. There are many
applications of Homogeneous geodesics in mechanics. Arnold ([3]) study
the geodesics of left invariant Riemannian metrics on Lie groups, extending
Euler’s theory of rigid body motion and called homogeneous geodesic as
“relative equilibria”. The equation of motion of many systems in classical
mechanics reduces to the geodesic equation in an appropriate Riemannian
manifold. For example, To´th ([33]) study trajectories which are orbits of
a one-parameter symmetry group in case of Lagrangian and Hamiltonian
systems. Also, Lacomba ([22]) use homogeneous geodesics in the work of
Smale’s mechanical systems.
Latifi ([23]) extend the concept of homogeneous geodesics in homoge-
neous Finsler spaces. In ([23]), he has given a criterion for charaterization
of geodesic vectors. Latifi and Razavi ([24]) study homogeneous geodesics
in a 3-dimensional connected Lie group with a left invariant Randers metric
and show that all the geodesics on spaces equipped with such metrics are
homogeneous. Habibi, Latifi and Toomanian ([13]) have extended Szenthe’s
result of homogeneous geodesics for invariant Finsler metrics. Yan and Deng
([36]) generalize this result and prove that there exists atleast one homoge-
neous geodesic through each point for any compact homogeneous Finsler
space and also extend Kowalski and Szenthe’s result to the Randers space.
Yan ([37]) prove the existence of atleast one homogeneous geodesic through
each point for a homogeneous Finsler space of odd dimension. Hosseini and
Moghaddam ([14]) study the existence of homogeneous geodesic in homoge-
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neous (α, β)-spaces. Dusˇek ([10]) indicates a gap in the proof of main result
of ([37]) and reproves this result and also studies homogeneous geodesics
on a homogeneous Berwald space or homogeneous reversible Finsler space.
Recently in 2018, Yan and Huang ([38]) prove that any homogeneous Finsler
space admits atleast one homogeneous geodesic through each point.
2 Preliminaries
Definition 2.1. Let V be an n-dimensional real vector space. It is called a
Minkowski space if there exists a real valued function F : V −→ R satisfying
the following conditions:
(a) F is smooth on V \{0},
(b) F (v) ≥ 0 ∀ v ∈ V,
(c) F is positively homogeneous, i.e., F (λv) = λF (v), ∀ λ > 0,
(d) For a basis {v1, v2, ..., vn} of V and y = yivi ∈ V , the Hessian matrix(
g
ij
)
=
(
1
2
F 2yiyj
)
is positive-definite at every point of V \{0}.
In this case, F is called a Minkowski norm.
Definition 2.2. Let M be a connected smooth manifold. If there exists a
function F : TM −→ [0,∞) such that F is smooth on the slit tangent bundle
TM\{0} and the restriction of F to any Tp(M), p ∈ M , is a Minkowski
norm, then (M,F ) is called a Finsler space and F is called a Finsler
metric.
Let (M,F ) be a Finsler space and let (xi, yi) be a standard coordinate
system in Tx(M). The induced inner product gy on Tx(M) is given by
gy(u, v) = gij(x, y)u
ivj , where u = ui
∂
∂xi
, v = vi
∂
∂xi
∈ Tx(M). Also note
that F (x, y) =
√
gy(y, y).
Shen ([7]) has given the condition for an (α, β)-metric to be a Finsler
metric in following lemma:
Lemma 2.1. Let F = αφ(s), s = β/α, where α is a Riemannian metric
and β is a 1-form whose length with respect to α is bounded above, i.e.,
b := ‖β‖α < b0, where b0 is a positive real number. Then F is a Finsler
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metric if and only if the function φ = φ(s) is a smooth positive function on
(−b0, b0) and satisfies the following condition:
φ(s)− sφ′(s) + (b2 − s2)φ′′(s) > 0, |s| ≤ b < b0.
Definition 2.3. A diffeomorphism φ : M −→M on a Finsler space (M,F )
is called an isometry if F (p,X) = F (φ(p), dφp(X)), for any p ∈ M and
X ∈ Tp(M).
Definition 2.4. A Lie group G is called a Lie transformation group of a
smooth manifold M if it has a smooth action on M .
Definition 2.5. Let (M,F ) be a connected Finsler space. If the action of
the group of isometries of (M,F ), denoted by I(M,F ), is transitive on M ,
then it is called a homogeneous Finsler space.
Let (M,Q) be a Riemannian manifold. A geodesic σ : R −→M is called
homogeneous geodesic if there exists a one-parameter group of isometries
φ : R ×M −→ M such that σ(t) = φ(t, σ(0)), t ∈ R. If all the geodesics
of a Riemannian manifold are homogeneous, then it is called a g.o. space
(geodesic orbit space). Every naturally reductive Riemannian manifold is a
g.o. space. The first example of a g.o. space which is not naturally reductive
was given by Kaplan ([16]).
In 2014, Yan and Deng ([35]) have studied Finsler g.o. spaces defined as
follows:
A Finsler space (M,F ) is called a Finsler g.o. space if every geodesic
of (M,F ) is the orbit of a one-parameter subgroup of G = I(M,F ), i.e., if
σ : R −→ M is a geodesic, then ∃ a non-zero vector Z ∈ g = Lie(G) and
p ∈ M such that σ(t) = exp(tZ).p. A Finsler g.o. space has vanishing
S-curvature. Also, note that every Finsler g.o. space is homogeneous.
A homogeneous Finsler space is a g.o. space if and only if the projections
of all the geodesic vectors cover the set TeH(G/H) − {0}.
Definition 2.6. Let (G/H,F ) be a homogeneous Finsler space and e be
the identity of G. A geodesic σ(t) through the origin eH of G/H is called
homogeneous if it is an orbit of a one-parameter subgroup of G, i.e., there
exists a non-zero vector X ∈ g = Lie(G) such that σ(t) = exp(tX).eH, t ∈
R.
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3 Geodesic vector
The problem of studying homogeneous geodesics of a homogeneous space is
basically the study of its geodesic vectors.
Let (M,F ) be a homogeneous Finsler space. Then, M can be written as
a coset space G/H, where G = I(M,F ) is a Lie transformation group of M
and H, the compact isotropy subgroup of I(M,F ) at some point x ∈M([9])
. Let g and h be the Lie algebras of the Lie groups G and H respectively.
Also, let m be a subspace of g such that Ad(h)m ⊂ m ∀ h ∈ H, and g = h+m
be a reductive decomposition of g.
Observe that for any Y ∈ g, the vector field Y ∗ = d
dt
(exp(tY )H)
∣∣∣∣
t=0
is
called the fundamental Killing vector field on G/H generated by Y ([17]).
The canonical projection pi : G −→ G/H induces an isomorphism between
the subspace m and the tangent space TeH (G/H) through the following
map:
m −→ TeH (G/H)
v −→ d
dt
(exp(tv)H)|t=0.
We have dpi(Ym) = Y
∗
eH . Using the natural identification and scalar product
g
Y ∗
eH
on TeH (G/H), we get a scalar product gYm on m.
Definition 3.1. Let (G/H,F ) be a homogeneous Finsler space and e be the
identity of G. A non-zero vector X ∈ g is called a geodesic vector if the
curve exp(tX).eH is a geodesic of (G/H,F ).
The folowing result proved in ([23]) gives a criterion for a non-zero vector
to be a geodesic vector in a homogeneous Finsler space.
Lemma 3.1. A non-zero vector Y ∈ g is a geodesic vector if and only if
g
Ym
(Ym, [Y,Z]m) = 0 ∀ Z ∈ g.
Next, we deduce necessary and sufficient condition for a nonzero vector
in a homogeneous Finsler space with infinite series (α, β)-metric to be a
geodesic vector.
Theorem 3.1. Let G/H be a homogeneous Finsler space with infinite series
metric F =
β2
β − α given by an invariant Riemannian metric a˜ and an in-
variant vector field X˜ such that X˜(H) = X. Then, a non-zero vector Y ∈ g
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is a geodesic vector if and only if
〈X,Ym〉3(
〈X,Ym〉 −
√〈Ym, Ym〉)4×[
〈X, [Y,Z]m〉
{
〈X,Ym〉2 − 4 〈Ym, Ym〉3/2 + 〈X,Ym〉
√
〈Ym, Ym〉+ 2 〈Ym, Ym〉
}
+ 〈Ym, [Y,Z]m〉
{ 〈X,Ym〉2√〈Ym, Ym〉 − 〈X,Ym〉
}]
= 0.
(1)
Proof. Using lemma 3.1 of ([28]), we can write
F (Y ) =
〈X,Y 〉2
〈X,Y 〉 −
√
〈Y, Y 〉 .
Also, we know that
g
Y
(U, V ) =
1
2
∂2
∂s∂t
F 2(Y + sU + tV )
∣∣∣∣
s=t=0
.
After some calculations, we get
g
Y
(U, V ) =
〈X,Y 〉2(
〈X,Y 〉 −
√
〈Y, Y 〉
)4
[
〈X,Y 〉2 〈X,V 〉 〈X,U〉 − 4 〈Y, Y 〉3/2 〈X,V 〉 〈X,U〉
+ 6 〈Y, Y 〉 〈X,V 〉 〈X,U〉+ 〈X,Y 〉
2 〈X,V 〉 〈U, Y 〉√
〈Y, Y 〉 − 4 〈X,Y 〉 〈X,V 〉 〈U, Y 〉
− 〈X,Y 〉
3 〈U, Y 〉 〈V, Y 〉
〈Y, Y 〉3/2
+
〈X,Y 〉3 〈U, V 〉√
〈Y, Y 〉 +
4 〈X,Y 〉2 〈U, Y 〉 〈V, Y 〉
〈Y, Y 〉
− 〈X,Y 〉2 〈U, V 〉+ 〈X,Y 〉
2 〈X,U〉 〈V, Y 〉√
〈Y, Y 〉 − 4 〈X,Y 〉 〈X,U〉 〈V, Y 〉
]
.
(2)
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From above equation, we can write
g
Ym
(Ym, [Y,Z]m) =
〈X,Ym〉2(
〈X,Ym〉 −
√〈Ym, Ym〉)4
[
〈X,Ym〉2 〈X, [Y,Z]m〉 〈X,Ym〉
− 4 〈Ym, Ym〉3/2 〈X, [Y,Z]m〉 〈X,Ym〉+ 6 〈Ym, Ym〉 〈X, [Y,Z]m〉 〈X,Ym〉
+
〈X,Ym〉2 〈X, [Y,Z]m〉 〈Ym, Ym〉√
〈Ym, Ym〉
− 4 〈X,Ym〉 〈X, [Y,Z]m〉 〈Ym, Ym〉
− 〈X,Ym〉
3 〈Ym, Ym〉 〈[Y,Z]m , Ym〉
〈Ym, Ym〉3/2
+
〈X,Ym〉3 〈Ym, [Y,Z]m〉√〈Ym, Ym〉
+
4 〈X,Ym〉2 〈Ym, Ym〉 〈[Y,Z]m , Ym〉
〈Ym, Ym〉 − 〈X,Ym〉
2 〈Ym, [Y,Z]m〉
+
〈X,Ym〉2 〈X,Ym〉 〈[Y,Z]m , Ym〉√〈Ym, Ym〉 − 4 〈X,Ym〉 〈X,Ym〉 〈[Y,Z]m , Ym〉
]
.
=
〈X,Ym〉3(
〈X,Ym〉 −
√
〈Ym, Ym〉
)4×
[
〈X, [Y,Z]m〉
{
〈X,Ym〉2 − 4 〈Ym, Ym〉3/2 + 〈X,Ym〉
√
〈Ym, Ym〉+ 2 〈Ym, Ym〉
}
+ 〈Ym, [Y,Z]m〉
{ 〈X,Ym〉2√
〈Ym, Ym〉
− 〈X,Ym〉
}]
.
(3)
Now, from lemma (3.1), Y ∈ g is a geodesic vector if and only if
g
Ym
(Ym, [Y,Z]m) = 0, ∀ Z ∈ m.
Therefore g
Ym
(Ym, [Y,Z]m) = 0 if and only if equation (1) holds.
Corollary 3.1. Let (G/H,F ) be a homogeneous Finsler space with infinite
series metric F =
β2
β − α defined by an invariant Riemannian metric 〈 , 〉
and an invariant vector field X˜ such that X˜(H) = X. Let Y ∈ g be a
vector such that 〈X, [Y,Z]m〉 = 0 ∀ Z ∈ m. Then Y is a geodesic vector of
(G/H, 〈 , 〉) if and only if Y is a geodesic vector of (G/H,F ).
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Proof. From equation (3), we can write
g
Ym
(Ym, [Y,Z]m) =
〈X,Ym〉3(
〈X,Ym〉 −
√〈Ym, Ym〉)4×[
〈X, [Y,Z]m〉
{
〈X,Ym〉2 − 4 〈Ym, Ym〉3/2 + 〈X,Ym〉
√
〈Ym, Ym〉+ 2 〈Ym, Ym〉
}
+ 〈Ym, [Y,Z]m〉
{ 〈X,Ym〉2√〈Ym, Ym〉 − 〈X,Ym〉
}]
=
〈X,Ym〉4 〈Ym, [Y,Z]m〉(
〈X,Ym〉 −
√〈Ym, Ym〉)3√〈Ym, Ym〉 , because 〈X, [Y,Z]m〉 = 0.
Therefore g
Ym
(Ym, [Y,Z]m) = 0 if and only if 〈Ym, [Y,Z]m〉 = 0.
Theorem 3.2. Let (G/H,F ) be a homogeneous Finsler space with infinite
series metric F =
β2
β − α defined by an invariant Riemannian metric 〈 , 〉
and an invariant vector field X˜ such that X˜(H) = X. Then X is a geodesic
vector of (G/H, 〈 , 〉) if and only if X is a geodesic vector of (G/H,F ).
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Proof. From equation (2), we can write
g
X
(X, [X,Z]m) =
〈X,X〉2(
〈X,X〉 −√〈X,X〉)4
[
〈X,X〉2 〈X, [X,Z]m〉 〈X,X〉
− 4 〈X,X〉3/2 〈X, [X,Z]m〉 〈X,X〉 + 6 〈X,X〉 〈X, [X,Z]m〉 〈X,X〉
+
〈X,X〉2 〈X, [X,Z]m〉 〈X,X〉√
〈X,X〉 − 4 〈X,X〉 〈X, [X,Z]m〉 〈X,X〉
− 〈X,X〉
3 〈X,X〉 〈[X,Z]m ,X〉
〈X,X〉3/2
+
〈X,X〉3 〈X, [X,Z]m〉√
〈X,X〉
+
4 〈X,X〉2 〈X,X〉 〈[X,Z]m ,X〉
〈X,X〉 − 〈X,X〉
2 〈X, [X,Z]m〉
+
〈X,X〉2 〈X,X〉 〈[X,Z]m ,X〉√
〈X,X〉 − 4 〈X,X〉 〈X,X〉 〈[X,Z]m ,X〉
]
.
=
〈X,X〉3
(
〈X,X〉2 + 〈X,X〉 − 2 〈X,X〉
√
〈X,X〉
)
〈X, [X,Z]m〉(
〈X,X〉 −
√
〈X,X〉
)4
=
〈X,X〉3 〈X, [X,Z]m〉(
〈X,X〉 −
√
〈X,X〉
)2 .
Therefore g
X
(X, [X,Z]m) = 0 if and only if 〈X, [X,Z]m〉 = 0.
Now, we give necessary and sufficient condition for a nonzero vector in a
homogeneous Finsler space with exponential metric to be a geodesic vector.
Theorem 3.3. Let G/H be a homogeneous Finsler space with exponential
metric F = αeβ/α given by an invariant Riemannian metric a˜ and an in-
variant vector field X˜ such that X˜(H) = X. Then, a non-zero vector Y ∈ g
is a geodesic vector if and only if〈
X +
(√
〈Ym, Ym〉 − 〈X,Ym〉
〈Ym, Ym〉
)
Ym, [Y,Z]m
〉
= 0. (4)
Proof. Using lemma 3.4 of ([28]), we can write
F (Y ) = 〈X,Y 〉 e〈X,Y 〉/
√
〈Y,Y 〉.
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Also, we know that
g
Y
(U, V ) =
1
2
∂2
∂s∂t
F 2(Y + sU + tV )
∣∣∣∣
s=t=0
.
After some calculations, we get
g
Y
(U, V ) = e2〈X,Y 〉/
√
〈Y,Y 〉
[
〈U, V 〉+ 2 〈X,U〉 〈X,V 〉 − 〈X,Y 〉 〈Y,U〉 〈Y, V 〉
〈Y, Y 〉3/2
+
1√
〈Y, Y 〉
{
〈X,U〉 〈Y, V 〉+ 〈X,V 〉 〈Y,U〉 − 〈X,Y 〉 〈U, V 〉
}
+
2 〈X,Y 〉
〈Y, Y 〉
{〈X,Y 〉 〈Y,U〉 〈Y, V 〉
〈Y, Y 〉 − 〈Y,U〉 〈X,V 〉 − 〈X,U〉 〈Y, V 〉
}]
.
(5)
From above equation, we can write
g
Ym
(Ym, [Y,Z]m) = e
2〈X,Ym〉/
√
〈Ym,Ym〉×[
〈Ym, [Y,Z]m〉+ 2 〈X,Ym〉 〈X, [Y,Z]m〉 −
〈X,Ym〉 〈Ym, Ym〉 〈Ym, [Y,Z]m〉
〈Ym, Ym〉3/2
+
1√〈Ym, Ym〉
{
〈X,Ym〉 〈Ym, [Y,Z]m〉+ 〈X, [Y,Z]m〉 〈Ym, Ym〉 − 〈X,Ym〉 〈Ym, [Y,Z]m〉
}
+
2 〈X,Ym〉
〈Ym, Ym〉
{ 〈X,Ym〉 〈Ym, Ym〉 〈Ym, [Y,Z]m〉
〈Ym, Ym〉 − 〈Ym, Ym〉 〈X, [Y,Z]m〉 − 〈X,Ym〉 〈Ym, [Y,Z]m〉
}]
= e2〈X,Ym〉/
√
〈Ym,Ym〉
[
〈Ym, [Y,Z]m〉
{
1− 〈X,Ym〉√〈Ym, Ym〉
}
+ 〈X, [Y,Z]m〉
√
〈Ym, Ym〉
]
=
√
〈Ym, Ym〉 e2〈X,Ym〉/
√
〈Ym,Ym〉
〈
X +
(√
〈Ym, Ym〉 − 〈X,Ym〉
〈Ym, Ym〉
)
Ym, [Y,Z]m
〉
.
(6)
Now, from lemma (3.1), Y ∈ g is a geodesic vector if and only if
g
Ym
(Ym, [Y,Z]m) = 0, ∀ Z ∈ m.
Therefore g
Ym
(Ym, [Y,Z]m) = 0 if and only if equation (4) holds.
Corollary 3.2. Let (G/H,F ) be a homogeneous Finsler space with expo-
nential metric F = αeβ/α defined by an invariant Riemannian metric 〈 , 〉
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and an invariant vector field X˜ such that X˜(H) = X. Let Y ∈ g be a vec-
tor such that 〈X, [Y,Z]m〉 = 0 ∀ Z ∈ m. Then Y is a geodesic vector of
(G/H, 〈 , 〉) if and only if Y is a geodesic vector of (G/H,F ).
Proof. From equation (6), we can write
g
Ym
(Ym, [Y,Z]m) =e
2〈X,Ym〉/
√
〈Ym,Ym〉
[
〈Ym, [Y,Z]m〉
{
1− 〈X,Ym〉√〈Ym, Ym〉
}
+ 〈X, [Y,Z]m〉
√
〈Ym, Ym〉
]
=e2〈X,Ym〉/
√
〈Ym,Ym〉
{
1− 〈X,Ym〉√〈Ym, Ym〉
}
〈Ym, [Y,Z]m〉 , because 〈X, [Y,Z]m〉 = 0.
Therefore g
Ym
(Ym, [Y,Z]m) = 0 if and only if 〈Ym, [Y,Z]m〉 = 0.
Theorem 3.4. Let (G/H,F ) be a homogeneous Finsler space with expo-
nential metric F = αeβ/α defined by an invariant Riemannian metric 〈 , 〉
and an invariant vector field X˜ such that X˜(H) = X. Then X is a geodesic
vector of (G/H, 〈 , 〉) if and only if X is a geodesic vector of (G/H,F ).
Proof. From equation (5), we can write
g
X
(X, [X,Z]m) = e
2〈X,X〉/
√
〈X,X〉×[
〈X, [X,Z]m〉+ 2 〈X,X〉 〈X, [X,Z]m〉 −
〈X,X〉 〈X,X〉 〈X, [X,Z]m〉
〈X,X〉3/2
+
1√
〈X,X〉
{
〈X,X〉 〈X, [X,Z]m〉+ 〈X, [X,Z]m〉 〈X,X〉 − 〈X,X〉 〈X, [X,Z]m〉
}
+
2 〈X,X〉
〈X,X〉
{〈X,X〉 〈X,X〉 〈X, [X,Z]m〉
〈X,X〉 − 〈X,X〉 〈X, [X,Z]m〉 − 〈X,X〉 〈X, [X,Z]m〉
}]
= e2〈X,X〉/
√
〈X,X〉 〈X, [X,Z]m〉 .
Therefore g
X
(X, [X,Z]m) = 0 if and only if 〈X, [X,Z]m〉 = 0.
References
[1] S. I. Amari and H. Nagaoka, Methods of information geometry, Trans-
lations of Mathematical Monographs, AMS, 191, Oxford Univ. Press,
2000.
[2] P. L. Antonelli, R. S. Ingarden, and M. Matsumoto, The Theory of
Sprays and Finsler spaces with Applications in Physics and Biology,
Kluwer Academic Publishers, Netherlands, 58, 1993.
11
[3] V. I. Arnold, Sur la ge´ome´trie diffe´rentielle des groupes de Lie de dimen-
sion infinie et ses applications a`l’hydrodynamique des fluides parfaites,
Ann. Inst. Fourier (Grenoble), 16 (1960), 319-361.
[4] D. Bao, S. S. Chern and Z. Shen, An Introduction to Riemann-Finsler
Geometry, GTM-200, Springer-Verlag 2000.
[5] E. Cartan, Les espaces de Finsler, Actualites Scientifiques et Indus-
trielles no. 79, Paris, Hermann, 1934.
[6] S. S. Chern, Finsler geometry is just Riemannian geometry without the
quadratic restriction, Notices Amer. Math. Soc., 43 (9) (1996), 959-963.
[7] S. S. Chern and Z. Shen, Riemann-Finsler Geometry, Nankai Tracts in
Mathematics, Vol. 6, World Scientific Publishers, 2005.
[8] S. Deng, Homogeneous Finsler Spaces, Springer Monographs in Math-
ematics, New York, 2012.
[9] S. Deng and Z. Hou, The group of isometries of a Finsler space, Pacific
J. Math, 207 (2002), 149-155.
[10] Z. Dusˇek, The affine approach to homogeneous geodesics in homoge-
neous Finsler spaces, preprint, arXiv:1703.01199.
[11] P. Finsler, U¨ber Kurven und Fla¨chen in allgemeinen Ra¨umen, (Disser-
tation, Go¨ttingen, 1918), Birkha¨user Verlag, Basel, 1951.
[12] C. Gordon, Homogeneous Riemannian manifolds whose geodesics are
Orbits, Prog. Nonlinear Differ. Eq. App., 20 (1996), 155-174.
[13] P. Habibi, D. Latifi and M. Toomanian, Homogeneous geodesics and
the critical points of the restricted Finsler funtion, J. Cont. Math., 4
(6) (2011), 12–16.
[14] M. Hosseini and H. R. Salimi Moghaddam, On the existence of homo-
geneous geodesics in homogeneous (α, β)-spaces, ?
[15] V.V. Kajzer, Conjugate points of left invariant metrics on Lie group,
Sov. Math., 34 (1990), 32–44 [translation from. Izv. Vyssh. Uchebn.
Zaved. Mat. 342 (1990), 27–37].
[16] A. Kaplan, On the geometry of groups of Heisenberg type, Bull. Lond.
Math. Soc., 15 (1983), 35–42.
12
[17] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry,
Interscience Publishers, Vol. 1, 1963; Vol. 2, 1969.
[18] B. Kostant, Holonomy and Lie algebra of motions in Riemannian man-
ifolds, Trans. Am. Math. Soc., 80 (1995), 520–542.
[19] O. Kowalski and L. Vanhecke, Riemannian manifolds with homogeneous
geodesics, Boll. Un. Math. Ital. 5 (1991), 189-246.
[20] O. Kowalski and J. Szenthe, On the existence of homogeneous geodesics
in homogeneous Riemannian manifolds, Geom. Dedicata, 81 (2000),
209–214 [Erratum: Geom. Dedicata 84 (2001), 331–332].
[21] O. Kowalski and Z. Vla´sˇek, Homogeneous Riemannian manifolds with
only one homogeneous geodesic, Publ. Math. Debr., 62 (3–4) (2003),
437–446.
[22] E. A. Lacomba, Mechanical Systems with Symmetry on Homogeneous
Spaces, Trans. Amer. Math. Soc., 185 (1973), 477-491.
[23] D. Latifi, Homogeneous geodesics in homogeneous Finsler spaces, J.
Geom. Phys., 57 (2007), 1421-1433.
[24] D. Latifi and A. Razavi, Homogeneous geodesics of left invariant Ran-
ders metrics on a three-dimensional Lie group, Int. J. Cont. Math. Sci.,
4 (2009), 873–881.
[25] M. Matsumoto, On a C-reducible Finsler space, Tensor N. S., 24
(1972), 29-37.
[26] G. Shanker and S. A. Baby, The L-dual of a Finsler space with infinite
series (α, β)−metric, Bull. Cal. Math. Soc., 107 (4) (2015), 337-356.
[27] G. Shanker and S. A. Baby, On the projective flatness of a Finsler space
with infinite series (α, β)−metric, South East Asian J. of Math & Math.
Sci., 11 (1) (2015), 17-24.
[28] G. Shanker and K. Kaur, Homogeneous Finsler spaces with some special
(α, β)-metrics, Preprint, arXiv:1712.06328v2[math.DG].
[29] G. Shanker and Kirandeep Kaur, On the flag curvature of homo-
geneous Finsler space with some special (α, β)-metrics, Preprint,
arXiv:1801.05324 [math.DG].
13
[30] G. Shanker and Ravindra, On Randers change of exponential metric,
Applied Sciences, 15 (2013), 94-103.
[31] J. Szenthe, Hoogeneous geodesics of left invariant metrics, Univ. Iagel.
Acta Math., 38 (2000), 99–103.
[32] J. Szenthe, Stationary geodesics of left invariant Lagrangians, J. Phys.
A Math. Gen., 34 (2001), 165–175.
[33] G. Z. To´th, On Lagrangian and Hamiltonian systems with homogeneous
trajectories, J. Phys. A: Math. Theor., 43 (2010), 385206 (19pp).
[34] E.B. Vinberg, Invariant linear connections in a homogeneous manifold,
Trudy MMO, 9 (1960), 191–210.
[35] Z. Yan and S. Deng, Finsler spaces whose geodesics are orbits, Differ.
Geom. Appl., 36 (2014), 1–23.
[36] Z. Yan and S. Deng, Existence of homogeneous geodesics on homoge-
neous Randers spaces, Houston J. Math., (2016) (in preparation) ?
[37] Z. Yan, Existence of homogeneous geodesics on homogeneous Finsler
spaces of odd dimension, Monatsh Math., 182 (2017), 165–171.
[38] Z. Yan and Libing Huang, On the existence of homogeneous geodesic
in homogeneous Finsler spaces, Journal of Geometry and Physics, 124
(2018), 264–267.
14
